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We present function-constructor nets, a Turing-complete subset of interaction nets in which agents
are partitioned into functions and constructors, inducing a notion of observable output whilst preserv-
ing the permutation equivalence of reduction sequences and hence the potential for parallel execution.
We then introduce FLIN, a language with a functional-style syntax for programming such nets, and
describe several extensions to the core language to improve expressiveness and practicality. Finally,
we present a prototype implementation that demonstrates the viability of the approach.

1 Introduction

Interaction nets [[13]] are a generalisation of Girard’s proof structures 9] and have been considered both
as a formal computational model [[10] and a form of programming language [8/17]]. As a programming
language, they have several desirable properties: memory management is syntactically enforced, data
sharing is natural, they are Turing complete and, perhaps most importantly, evaluation is inherently
parallel. Parallel execution has become of increasing importance in the decades since the original paper
was published, as multi-core and multi-threaded processor architectures have become the norm. But
mainstream programming languages have not kept up: whether imperative or declarative it is usually left
up to the programmer to explicitly annotate which parts of the program can be run in parallel, and which
must be sequential.

Interaction nets free us from such annotations. Because net reduction sequences are permutation
equivalent (see paragraph Rewriting), graph reduction can be executed in any order, or in parallel,
without any programmer intervention. This is not merely a theoretical observation: the programming
language INPLA [25] provides empirical evidence for the improvements available from nets’ parallel ex-
ecution, with near-linear speedups as more processing power is brought on-line, and benchmark running
times beating well-established industrial-strength languages such as Haskell, 0Caml, SML and Python.
The practical case for interaction nets as an evaluation mechanism is therefore strong; what has been
missing is a programming language that makes them accessible.

Each of the existing languages that use interaction nets as their underlying evaluation mechanism
occupies a different point in the design space. INPLAprovides a text syntax close to the underlying for-
malism, well-suited for expressing nets directly, but which requires programmers to think at the level of
agents, nets and rewrite rules rather than at the level of functions and data. In contrast, HVM [3]] and
VINE [27] are imperative languages, based on Python and Rust respectively, which compile to inter-
action nets for evaluation, making them more accessible to programmers but introducing a compilation
layer between the source-level operational semantics and the net-level evaluation, with the correspon-
dence between the two established by construction rather than through explicit formal results.

The aim of this paper is two-fold. The first is foundational: despite the attractive properties of
interaction nets for programming listed above, they do not provide a notion of observable value [20].
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2 A Programming Language for Interaction Nets

Section [3] considers this, and to address it, defines function-constructor nets which partition net nodes
into computational functions and data-bearing constructors. Together these define input and output of
nets and hence observable value. This section is a summary of Section 3.3 of the author’s PhD thesis [28]].
The second is practical. Section [4] presents FLIN, a language for programming function-constructor
nets, based on Section 3.4 of [28]. We then describe a number of extensions that draw together several
existing strands of work to form a more complete programming system. Sources are cited throughout,
and correctness proofs are omitted in favour of the original references. Section [5|outlines, and points to,
our prototype implementation.

2 Interaction nets

Interaction nets: An interaction net is a finite, labelled, undirected, possibly cyclic, possibly discon-
nected, graph composed of zero or more nodes (agents) and edges (wires). Agents are labelled by
symbols from a finite signature, X. Each symbol has an associated arity, given by ar : ¥ — N. An agent
labelled with a symbol of arity n has n+ 1 ports: one distinguished principal port and n auxiliary ports.
When convenient, ports may be labelled. A port on an agent may be the end-point of at most one wire;
wires connect two ports together. Any port that can have a wire connected to it is said to be free. In
particular, a wire can connect two free ports; see for example the wire between ports 4 and r in Figure[3]
We comment that the empty net, containing neither agents nor wires, is an interaction net.

Figure 1| shows a number of example agents, where principal ports are drawn as grey triangles and
auxiliary ports as grey circles. An example net (with one free port, r) is given in Figure 2} drawn using
the conventional proof-structure orientation.

ONONONO

Figure 1: Example agents Figure 2: Example interaction net

Nets are rewritten by applying interaction rules.
Interaction rules: Two agents connected by their principal ports form an active pair. An interaction
rule is a pair of nets written LHS = RHS, where:

e LHS is an active pair. Its set of free ports is its interface.
* RHS is a net with the same interface as LHS.

Each active pair has at most one associated interaction rule. An example rule is Figure [3} observe that
both sides have the same interface, the set of ports labelled £, ¢ and r. Such interface invariance requires

h t h{ rf
é @
Figure 3: Example interaction rule

explicit erasure of any connection at 7. In Figure 3| this is done using the € agent (defined in Section {.T)).
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Given a net and a set of rules, we can evaluate the former by applying the latter.

Rewriting: Applying a single rule to a net follows standard term graph rewriting [23[], without
automatic garbage collection, whereby the active pair matching the LHS of a rule is replaced by its RHS,
suitably connected to the surrounding net. An example of two sequential rewrites is shown in Figure §]

Figure 4: Example net reduction

As rewriting replaces two agents, it is local. As it is also deterministic, net rewriting is permutation
equivalemﬂ if there is more than one active pair in a net, rewriting all of them results in the same net,
no matter what order is chosen. Consequently, all active pairs may be reduced in parallel and we will
assume this in the sequel.

Evaluation: Net evaluation is defined as repeated rewriting until a net without active pairs—a normal
form— is reached. Normal forms are unique [19, §1.2.1] but may not exist [[13| Fig. 3].

3 Function-Constructor Nets

Despite the advantages listed in Section [I} programming with interaction nets raises both foundational
and practical challenges. The foundational issues arise from the identification of results with normal
forms, which we address in this section. The practical problems are syntax and usability. These are
considered in Section

To understand the problem of normal forms as results, consider Figures[5to[7} Each is a normal form,
but the first two are inaccessible—they cannot be composed with other nets—and whilst the third, (a
vicious circleﬂ), can be, as its free port is an auxiliary one, information cannot be extracted from it. It may
therefore be considered a meaningless net. Conversely, nets without normal forms but which constantly
produce accessible agents, such as streams, have computational meaning but are not considered to have

a result.
Figure 5: The empty net Figure 6: A closed net Figure 7: A vicious circle

To address this, we give a new definition of the result of a net evaluation. To start, we refine ports
by distinguishing inputs from outputs and constraining wires to be between an input and an output. An
agent whose principal port is an input is a function; its auxiliary ports may be either inputs or outputs. An

1Often called strong confluence following [13]. A discussion of nomenclature and our preference for “permutation equiva-
lent” can be found in [28, §2.5.1].
280 named in [13].
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agent whose principal port is an output is a constructor; all its auxiliary ports are input This induces
a partition of the signature, X, into disjoint subsets, ¥r and X, of function and constructor symbols
respectively.

A function-constructor net then is one with symbols drawn from the ¥z and X sub-signatures. A
net’s interface is now split into non-overlapping input- and output-interfaces. Interaction rule’s LHS must
be between a function and a constructor, and the RHS must be a function-constructor net. Such nets are
strict subsets of interaction nets but retain their computational power: for example the Turing complete
directed combinators |14, §3.4] are function-constructor nets.

We define the result of evaluating a function-constructor net not as its normal form, but as the coin-
ductively defined constructor tree observed at an output port, where each finite prefix is produced after
finitely many interaction steps. Under this definition, none of Figures [5|to[7 have results, but a net which
generates an infinite stream output does.

This definition of function-constructor nets is adapted from [28], §3.3]; interaction net productivity is
defined in [28, Chap.5]. The implications for defining an alternative notion of result are explored further
in [29].

Prior work: The idea of dividing agents into two groups is not novel; a similar proposal is in [[13]
§2ﬂ [5] and [7]. However these approaches are are formulated differently, allowing constructors with
multiple outputs and not constraining wires to be between inputs and outputs. The term “productivity”
was coined by Dijkstra [4] and has been extensively considered in term rewriting but not previously
for interaction nets. Replacing normal forms with productive outputs is also novel, although there is a
foreshadowing of this in the definition of observable interface in [J5]).

4 FLIN: a Functional Language for Interaction Nets

A number of programming languages for interaction nets have been defined, starting with [13| §3], in-
cluding [[1,(8,/11,/15,]21]], culminating with INPLA [24ﬂ These systems differ in emphasis, but they
share a common feature: nets and rules are expressed explicitly as textual representations of agents
and wires. This low-level style departs significantly from the abstractions and syntax found in main-
stream programming languages. For example, one INPLA definition of the rule shown in Figure iﬂ
head(r)><Cons(h,t) => r~h, erase(t);, which follows the proposed syntax of [17, §4].

In order to allow direct interaction net programming (unlike the indirect, compiled approaches of
HVM and VINE) but with a more familiar syntax, we build upon the function-constructor net model. FLIN
terms represent nets and are defined as the smallest set generated by the following grammaﬂ in which
each port label is used exactly once:

tiu= -|x| fET)|Ct*) |let [x*] ~tinu|tlu

* — represents the empty net.

3Restricting a constructor to having a single output is a design decision. Constructors represent atomic data elements, thus
once consumed in an interaction there should not be a residual wire or agent.

4There called destructors and constructors.

SThere are also more general graph rewriting languages which could be used to encode interaction nets, such as LMNtal
(www.uedalab. jp/1lmntal) but these provide more expressiveness, and hence complexity, than we need.

This is one of eight (0t—)equivalent ways of writing this rule: the order of agents on the LHS can be switched, the r and h
port ordering can be reversed and the order of the two RHS terms can be exchanged.

7See [28] §3.9] for a more detailed description of the syntax, its rationale, and further examples.
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* x denotes a wire whose input port is labelled x and whose output port is unlabelled. We will use
single lower-case letters as port labels, sometimes with numeric suffixes.

e f(¢7) is a function term composed of a function agent labelled f € £z with one or more terms as
inputs and unlabelled outputs. Alphanumeric strings with initial lower case letters will be used as
function labels.

» C(1*) is a constructor term composed of a constructor agent labelled C € ¢ with zero or more
terms as inputs, and an unlabelled output, written as an initially upper case alphanumeric string.

* let [x*] ~ ¢ in u names the output interface of ¢+ with the list of port variables, [x*]. As [x*] only
provides names, it is not a port label usage as restricted in the syntax. These labels may be used in
t and/or u and there imply wires; see Figure [§|for an example. Within such a term the binding acts
as let ([x*] =1¢) in (u).

* tluis ajuxtaposed term: this represents two disjoint subnets defined by ¢ and u, such as the middle
net in Figure 4] Note that 7| — is equivalent to ¢.

We now set an orientation convention: agents are rotated so that their input ports are below their
label, and outputs, above. If agent o has an input port connected to an output of 3, we draw @ above f3.
For example, in Figure (8} the S agents’ principal ports, and the two auxiliary ports of & (labelled x; and
X») are outputs; the S agents’ auxiliary ports, and 8’s principal port (labelled x) are inputs.

Figure 8: Net described by let [x1,x2]"delta(x) in S(x1) | S(x2)

Given such a LHS and RHS, we define the rule syntax as LHS = RHS, and refer to such rules as

function definitions. Proofs of the equivalence of terms and nets, and function definitions and rules can
be found in [28] §3].
We give two simple definitions, for unary number addition and multiplication, that we will use later:

add(Z,y) =y
add(S(x),y) = S(add(x,y))
mult(Z,y) = Z | erase(y)

mult (S(x),y) = letlyl,y2] dup(y) in add(yl,mult(x,y2))

Given a set of definitions, a FLIN program is a term without any free input ports.

Remark: Despite its functional syntax, FLIN’s semantics matches that of function-constructor nets |28,
§3.7].

The remainder of this section considers how to improve FLIN’s expressiveness and ease of use.

4.1 Generic constructors

As the LHSs of rules are defined as two agents, any function that acts in the same way on different inputs
needs to be defined multiple times. For example, defining erasure when there are O-arity constructors Z
for numbers, Nil for lists and Empty for trees requires

erase(Z) = - erase(Nil) = - erase (Empty) = -
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Each of these could be generated at compile time by a single definition where a meta-constructor is used
to stand in for each constructor above:
erase(*) = -
where * refers to any O-arity constructor. We call these generic constructors. Such generic constructors
allow polymorphic function definitions. We can then use * (x), *{x,y), etc. for constructors of higher
arity: erase(*(x)) = erase(x), erase(*(x,y)) = erase(x)|erase(y), etc.
Duplication can be defined similarly as:
dup (*) = * | %
dup (*(x)) let [x1,x2] ~ dup(x) in *(x1)[*(x2)
dup(*(x,y)) = let [x1,x2] ~ dup(x) in let [yl,y2] ~ dup(y) in *(xl,y1)[*(x2,y2)
Prior work: The formal notion of generic constructors is novel [28, §3.4], although an informal
notion of writing a variable in place of an agent symbol has been used, such as in [[12| §4]). Templates [|17]]
are the closest to our definition, but are a more general macro system.

4.2 Implicit memory management

Interaction nets’ explicit memory management has many advantages—no separate garbage collection,
precise control of resources, lower overhead and simpler implementation—but it is burdensome for the
programmer to continually have to insert dups and erases, and the programs quickly become difficult
to read.
Consider unary number multiplication from Section[d} dropping the erase in the base case and dup
in the successor case is syntactically invalid, but more natural for the programmer:
mult(Z,y) =1Z
mult (S(x),y) = add(y,mult(x,y))
Such definitions can be systematically translated into well-formed FLIN by the following transformation:
* For each variable x which occurs on the LHS but not the RHS, add “| erase(x)” to the RHS.

* For each variable x which occurs n times (n > 1) on the RHS, add “let [x,,_,x,]=dup (x,_2) in
(let [x;—3,x,—2]1=...dup(x)...) to the start of the RHS.
This translation is deterministic up to associativity of duplication and yields a valid function-constructor
net. We are not aware of this formulation having been made explicit in this form in prior work.

4.3 Nested pattern matching

Another limitation of interaction rules is that they only match the labels on agents in active pairs, and
therefore can only inspect the outermost structure of terms. This makes definitions involving nested
pattern matching cumbersome, as deeper structure must be exposed incrementally.
For example, consider the function returning the last element of a list:
last([x]) X
last (x1:x2:x8) last (x2:x8)
where list notation is syntactic sugar and we use implicit memory management in the second definition.
Both definitions use nested pattern matching. This is evident when the corresponding constructor struc-
ture is made explicit: the first is Cons(x,Nil) requiring a match on the Nil below the Cons, and the
second, Cons (x1,Cons(x2,Nil) ), needs to access both the second Cons and the Nil.
In [12]], a semantics-preserving translation is given from such nested pattern matching definitions to
standard interaction nets subject to rules being sequential and non-overlapping. We extend FLIN to allow
such rules.
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4.4 Natural numbers

Section [4.2] highlights another issue: interaction nets do not have an intrinsic notion of numbers. Fol-
lowing the approach of PCF [22]], we add natural number agents by extending a finite signature ¥ to an
infinite one, Xy = XUN, and adding successor and predecessor definition schemata: succ(_n) = _n
+ 1), pred(_n) = _n - 1, where _n indicates that this is not a port name, but rather an agent label
ranging over N, and n — 1 is defined to be monus, i.e. with a floor at 0. Natural number addition and
multiplication can be defined (with implicit memory management) as:

add(0, n) =n
add(_m,_n) = succ(add(pred(m),n))
mult(O,n) =0

mult(_m,_n) add (mult (pred(m),n),n)

Prior work: This has been presented informally, such as in [[18]. INPLA uses a system based on
attributes (6], which are a more general notion providing a form of foreign function interface.

4.5 Multiple principal ports

Consider a function that returns the maximum of two unary numbers. We would like to write this as:

max(Z,y) =y
max (S(x),Z) = S(x)
max(S(x),S(y)) = S(max(x,y))

but this pattern matches on both inputs, not just the principal port. However, when pattern matching
is sequential (i.e. arguments can be considered in a fixed order), such rules can be compiled into in-
teraction nets preserving the semantics by introducing auxiliary agents that sequentialise the matching
process [26]]. We include this in FLIN.

The syntax is therefore extended to allow function agents to possess any strictly positive integer
number of principal ports. We require that all principal ports participate in active pairs on the left-hand
side, so that no principal ports remain exposed in the interface of a rule. In such systems, permutation
equivalence of reduction is preserved [26, Proposition 4.3].

Rules that are fundamentally non-sequential, such as parallel-or [22] or Berry’s non-sequential sys-
tem [2], cannot be compiled away in this manner.

4.6 Higher-order functions

A drawback of FLIN, at least from the perspective of a functional programmer, is that it is a first-order
system: we cannot, for example, write map (add 1) [1,2,3] asmap’s and add’s principal ports do not
connect. To address this, we follow the approach of [[16] and add a higher-order constructor symbol A,
with two output ports and an application function symbol, @, both of arity-2, with one rule:

v
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This A agent does not fit into our function/constructor dichotomy and therefore does not occur within
FLIN terms, but arises when FLIN is compiled to INPLA. The recursive case of map can now be defined as
map((x:xs),”f) = ((~f x):(map(xs,*f)), where the ~f indicates that this is a function argument.
This is compiled toﬂ Figure@ where the @ and &y agents are induced by the ~f syntax, and an example
use is shown in Figure This duplication agent, Jy, is non-functional as eventually it will need to

Figure 9: map rule Figure 10: map applied to incr and [0]

interact with another & agent. For this reason we keep these agents “under the hood”, available to the
compiler but not the programmer.

5 Implementation

A prototype FLIN-to-INPLA compiler is available athttps:github.com/MarcThatcher/Termgraph-implementation
with instructions for use and a number of examples.

We give one example here: the n-th Fibonacci number can be calculated in FLIN, using the natural
number and implicit memory management features, as:

fib(0) =0
fib(1) =1
fib(_n) = add(fib(pred(n)), fib(pred(pred(n))))

This is compiled to:
fib(r) >< (int n) | n==0 => 0°r | n==1 => 1°r | _ => Dup(nl,n2)™n, pred(r_Or_1_1_1)"n2,

pred(r_Or_1_ 1) r_ Or_1_1_1, fib(r_Or_1)"r_Or_1_1, pred(r_0_1)"ni,
fib(r_0)"r_0_1, add(r,r_Or_1)"r_0;
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