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This paper explores how concepts from hypergraphs and term graphs can be productively applied
to structural proof theory. By treating the sequents that encode proof search states as ordered
hypergraphs—where eigenvariables represent nodes and relations represent directed edges—inference
rules can directly capture rewriting dynamics. We demonstrate how modern proof-theoretic ad-
vances, including linear logic, focusing, synthetic inference rules, and binder mobility, provide a
formal foundation for exploiting these graph structures. Ultimately, this work suggests that inte-
grating hypergraph representations into proof theory can enhance the design and implementation of
automated and interactive theorem provers.

1 Introduction

The Abella theorem prover [3] is an interactive theorem prover that has been designed on principles taken
from structural proof theory and relational specification, instead of the more common foundations of
dependently typed λ -calculi, natural deduction, or Frege-style proofs. When an Abella user is searching
for a proof, the state of the search is a collection of sequents (à la Gentzen) involving relational (not
functional) statements. For example, when attempting to prove the theorem that for all natural numbers
d,n, and m, if d | n and d | m then d | (n+m), we first must write this a first-order formula based on
relations (instead of functions):

Theorem div_plus : forall D N M P,

divides D N -> divides D M -> plus N M P -> divides D P.

A typical approach to proving this formula reduces to attempting to prove the sequent on the left of
Figure 1. This sequent encodes the fact that given a number of variables (eigenvariables using Gentzen’s
terminology), and a number of hypotheses (labeled with indexes starting with H), one needs only to prove
that there exists a number which, when multiplied by D, yields P. If we pause to examine that sequent, it
is clear that these assumed variables and hypotheses can be used to specify three ordered hypergraphs,
where variables denote nodes. For example, the hypergraph1 for times contains the triples

(D, P1 , N), (D, P2 , N), (D, Q, P6), (D, P1 , XtY), (D, P2 , XtZ)

which, in turn, denote the facts that

D * P1 = N, D * P2 = N, D * Q = P6 , D * P1 = XtY , D * P2 = XtZ

When moving from using relations to encode functions (or, equivalently, using hypergraphs to encode
term graphs), one must also add facts about these relations that say that they are determinate, as with the
following two (previously proved) theorems.

*Accepted for presentation at TermGraph 2026.
1Since this encoding is based on atomic formulas, I will assume that all hypergraphs in this paper are ordered hypergraphs.
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Variables: D N M P P1 P2 P6 Q XtY

XtZ

H3: plus N M P

H4: times D P1 N

H5: times D P2 M

H6: nat N

H7: nat M

H8: nat P

H9: nat D

H10: nat P1

H11: nat P2

H12: plus P1 P2 Q

H13: times D Q P6

H14: times D P1 XtY

H15: times D P2 XtZ

H16: plus XtY XtZ P6

================================

exists P1, times D P1 P

Variables: D P1 P2 P6 Q XtY XtZ

H6: nat XtY

H7: nat XtZ

H8: nat P6

H9: nat D

H10: nat P1

H11: nat P2

H12: plus P1 P2 Q

H13: times D Q P6

H14: times D P1 XtY

H15: times D P2 XtZ

H16: plus XtY XtZ P6

================================

exists P1, times D P1 P6

Figure 1: Two sequents from Abella

Theorem times_det : forall A B C D, times A B C -> times A B D -> C = D.

Theorem plus_det : forall A B C D, plus A B C -> plus A B D -> C = D.

These theorems can be applied in a forward-chaining style to the sequent on the left of Figure 1: the
result of that application is that the variables N, M, P are unified with and replaced by the variables XtY,
XtZ, P6, respectively, and the assumptions H3, H4, H5 become redundant and removed. The result is
then the sequent on the right of Figure 1. At this point, the proof can be completed since the existential
quantifier can be instantiated with the variable Q.

Other facts about addition are expressed in Abella using the following statements (each of which has
a simple inductive proof).

Theorem plus_total : forall M N,

nat M -> nat N -> exists K, nat K /\ plus M N K.

Theorem plus_comm : forall M N K, plus M N K -> plus N M K.

Theorem plus_assoc : forall A B C AB ABC ,

plus A B AB -> plus AB C ABC -> exists BC, plus B C BC /\ plus A BC ABC.

Clearly, these theorems can be seen as rules for rewriting hypergraphs with the possible addition of new
variables (using exists) and identification of two nodes as the same (using =).

In this short note, I explore some applications of hypergraphs, term graphs, and their rewriting dy-
namics to structural proof theory. I will conclude by suggesting that the sequent calculus might offer
useful insights into how term graphs might capture binders.

2 Elements of proof theory

In this section, I briefly describe some aspects of the proof theory of sequent calculus. In general, a
sequent will be written using the notation Σ :: Γ ⊢ C, where C is a formula (the goal), Γ is a multiset of
formulas (the assumptions), and Σ is a declaration (a binding site) for all the eigenvariables that might
appear free in Γ and C. For example, the left column of Figure 1 is encoded so that Σ is the set of 10
variables listed at the top of that column, Γ is the multiset of 14 formulas that are assumptions (the name
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of the hypotheses are not part of this presentation of sequent calculus), and the goal is the formula at the
bottom of that column.

The introduction rules for the logical connectives come in a variety of forms: the following are three
examples of such rules.

Σ :: Γ ⊢ B Σ :: Γ,C ⊢ E
Σ :: Γ,B ⊃C ⊢ E

⊃l
Σ :: Γ,B ⊢C

Σ :: Γ ⊢ B ⊃C
⊃r

Σ :: Γ ⊢ B Σ :: Γ ⊢C
Σ :: Γ ⊢ B∧C

∧r

2.1 Focusing and synthetic inference rules

The logical connectives of a proof system can be given a polarity as follows: it is negative if its right-
introduction rule is invertible and it is positive if its left-introduction rule is invertible. In general, this
classification can be ambiguous (both left and right introduction rules are invertible) and partial (neither
left and right introduction rules is invertible). One surprising and deep fact about linear logic is that this
classification is total and unambiguous, and, furthermore, the De Morgan dual of a connective flips this
polarity.

Andreoli [1] used this classification polarities to define a focused proof system for linear logic. This
result was later extended to provide for focused proof systems, LKF and LJF, for both classical and
intuitionistic logics [17]. In these focused proof systems, proofs are organized into two, alternating
phases: the negative phase introduces only negative connectives and the positive phase introduces only
positive connectives. One combination of positive and negative phases (a bipole) turns out to be an
elegant definition of synthetic inference rule. For example, focusing can turn the formula

∀x∀y∀z (path(x,y)⊃ path(y,z)⊃ path(x,z))

(which specifies that the predicate path is transitive) into one of the following synthetic rules: if atomic
formulas of the form path(·, ·) are assigned to the negative phase, the back-chaining rule

Σ :: Γ ⊢ path(x,y) Σ :: Γ ⊢ path(y,z)
Σ :: Γ ⊢ path(x,z)

is derived while if atoms are assigned to the positive phase, the forward-chaining rule

Σ :: path(x,y), path(y,z), path(x,z), Γ ⊢ E
Σ :: path(x,y), path(y,z),Γ ⊢ E

is derived. Thus, it is possible to replace this transitivity assumption with either of these inference rules
and be assured that the cut-elimination theorem will hold for this extended proof system [19].

2.2 Saturation via productive proofs

Focused proof search also provides a framework for describing how one can organize forward-chaining
until saturation and to provide some general criteria for which saturation is guaranteed to terminate [7].
Using such saturation, it is possible to describe a high-level specification and implementation of congru-
ence closure.
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2.3 Equality

There are many treatments for equality in proof-theoretic settings: see, for example, [11] for an early
such approach. One particularly elegant approach treats equality as a logical connective: that is, equality
is given a left and right introduction rule. While this approach was originally developed for first-order
terms [14, 35], it has also been extended to treat terms containing bindings [20]. For first-order logic, the
inference rules for equality in the single-conclusion setting are the following.

Σ :: Γ ⊢ t = t
=r

(t and s not unifiable)
Σ :: s = t,Γ ⊢C

=l
(θ = mgu(t,s)) Σθ :: Γθ ⊢Cθ

Σ :: s = t,Γ ⊢C
=l

In the last inference rule, the notion mgu(t,s) denotes the most general unifier of t and s. In the setting
suggested by the example in Section 1, if a hypothesis equates two eigenvariables (which could be
encoding the nodes of a hypergraph), say, u = v, then the =l rule requires the replacement of one of these
variables by the other variable throughout the sequent. In order to efficiently implement such a rule, one
would likely employ e-graphs [27, 41, 45]. The terms involved in equations do not, however, need to be
restricted to just variables (nodes) but to other data structures. For example, if 0 = (s 0) is an assumption,
these two terms are not unifiable and, hence, the sequent immediately has a proof (since it has a false
hypothesis).

2.4 Linear vs intuitionistic vs classical logics

Since the introduction of linear logic [13], we learned how to treat the proof theory of classical logic,
intuitionistic logic, and linear logic as all part of a single framework where the presence or absence of the
structural rules for contraction and weakening separates these three logics. In particular, in a proof system
based on two-sided sequents, such as Σ :: Γ ⊢ ∆, it is possible to describe classical logic as the result of
allowing both structural rules on both sides of the ⊢, while intuitionistic logic is the result of allowing
both structural rules only on the left side of the ⊢, and (multiplicative additive) linear logic is the result of
not allowing these structural rules on either side of the ⊢. It is natural to consider additionally allowing
two zones on the left of the sequent and specify that one zone permits these structural rules while the other
zone forbids them: the linear logic programming language Lolli makes use of such hybrid sequents [15].
In a linear logic setting, synthetic rules can be used to model multiset (and hypergraph) rewriting, and
the concept of multifocused proofs also allows for modeling the parallel application of such inference
rules [23].

3 Relating proof-theoretic notions with hypergraphs

Since both hypergraphs and term graphs have a long history of supporting automated reasoning [10, 31]
and rewriting [4, 16, 18], it is not surprising that there are many ways to connect those topics with
computational logic, proof theory, and interactive theorem proving. Since there have been a number
of advances in proof theory, especially since the introduction of linear logic, it seems valuable to survey
here some of those advances and their possible relationships to the general topic of applying hypergraphs
and their rewriting dynamics to interactive theorem proving.

3.1 Sharing, administrative normal form, and positive bias syntax

An important feature of using hypergraphs to encode term structures is the direct structure support for
sharing. Proof theory notions make it possible to derive essentially the same structure-sharing aspects of
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syntax using the following revealing steps.

1. The administrative normal form (ANF) [9, 33] approach to term representation essentially names
all subexpressions in term structures. These names can then be shared in multiple places instead
of requiring the structures they name to be reproduced.

2. Using focusing within intuitionistic logic [17], one can define positive-bias syntax [26, 42] to pro-
vide a systematic account for terms in ANF. (The corresponding negative-bias syntax corresponds
to βη-long normal form, which does not explicitly provide for sharing.)

3. It was shown in [12] that terms in ANF can be represented as sets of atomic, relational expressions
(i.e., ordered hypergraphs) by replacing, for example, naming the expression (x+y) as u, with the
expression plus x y u, where plus is addition in relational form.

3.2 Graph rewriting and forward-chaining

Linear logic has been used to specify multiset rewriting from the early days of linear logic to the
present [15, 22, 24, 28, 8]. It is a short step to move from the encoding of multiset rewriting to en-
coding the rewriting of hypergraphs [40, 32] and Petri nets [6]. In fact, the quality of such encoding
can be strong enough that multifocusing (which corresponds to forward-chaining or back-chaining on
multiple formulas at once) can be used to encode parallel application of rewriting steps [23].

3.3 Hypergraph rewriting and logical reasoning

In the particular case of Abella in Section 1, forward chaining is not used to rewrite the multiset of
hypotheses but rather to augment them with more information. This phenomenon can be explained
within linear logic by moving to that subset of linear logic that encodes intuitionistic logic (via the !
exponential). In such a setting, forward chaining supports other aspects of deduction, including the
identification of two nodes in a hypergraph (as illustrated by the use of the times_det) as well as the
creation of new eigenvariables (encoding of nodes) by forward-chaining on formulas such as

Theorem times_total : forall M N,

nat M -> nat N -> exists K, nat K /\ times M N K.

Theorem times_assoc : forall A B C AB ABC ,

times A B AB -> times AB C ABC -> exists BC , times B C BC /\ times A BC ABC.

Operationally, applying the associativity theorem via forward-chaining requires matching two atomic
assumptions: times A B AB and times AB C ABC. Rather than deleting these original hypotheses, the
step generates a new eigenvariable BC and augments the multiset with two new atomic facts: times B

C BC and times A BC ABC. This choice—whether rewrite rules consume or preserve atomic facts—is
easily specified and controlled by moving between full linear logic and its intuitionistic (or classical)
sublogics.

3.4 Treatment of bindings in expressions

The importance of treating variable binding in syntax has long been recognized in the proof assistant
literature [2, 21], as well as in recent research concerning hypergraph and term graph representations of
syntax [34, 39, 43, 44].

In order to motivate a distinctly proof-theoretic approach to the treatment of bindings, I like quoting
Alan Perlis’s epigram #47 for its insight into the nature of variable bindings: “There is no such thing as a
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free variable” [29]. Within the sequent calculus, this perspective is realized through the notion of binder
mobility, where term-level binders (such as λ -binders) can transition into formula-level binders (such
as the universal quantifier) and ultimately into proof-level binders (eigenvariables). This style of binder
mobility is central to the treatment of bindings in λProlog and is also available in Rocq via the Rocq-
Elpi plugin [37, 36]. When the operational semantics of logic specifications support binder mobility,
such specifications can handle bindings by either instantiating them or moving them, thereby bypassing
the need to address the low-level implementation details of the binder itself since binders always remain
binders. Of course, the implementer of the proof assistant needs to be concerned with the details of
how to implement binders. However, the person using the proof assistant will not need to see those
details. This approach stands in contrast to most modern proof assistants, which typically require the
user to incorporate formal treatments of bindings into their specifications—for instance, by employing
De Bruijn’s nameless dummies [5] or nominal techniques [30].

The introduction of the ∇-quantifier [25, 38] provided an additional mechanism for a formula-level
binder (via ∇) to move to the proof level (as a nominal constant). The proof theory of this new quantifier
integrates seamlessly with the other aspects of proof theory illustrated here and has been successfully
incorporated into the Abella prover. A compelling direction for future work is to explore the extent
to which this approach to bindings can be applied to the term graph setting, particularly since term
graphs are frequently used to rewrite and optimize programming language expressions involving com-
plex binding structures. A preliminary experiment using Abella’s ∇ and nominal constants has already
demonstrated a simple specification of bisimulation for λ -graphs [26].

4 Conclusion

This short note is intended to outline how proof theory and the implementation of systems based on
proof theory (such as the Abella proof assistant) might benefit from drawing clear connections to the
large literature on hypergraphs and term graphs. While some connections between these two subjects
have been known for years, the recent advances in proof theory—in particular, linear logic, focusing,
and binder mobility—suggest that this connection might be fruitfully revisited.
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